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In 1974 P. Tutan {J. Approx. Theory 29 (1980), 23-85} raised many interesting
open problems in approximation theory, some of which are on Birkhoff inter-
polation. The object of this paper is to answer Problem XLVI in the affirmative. In
fact in our two main theorems we treat a case that is more general than the case of
the problem. € 1986 Academic Press. Inc.

INTRODUCTION

Following G. D. Birkhoif (see [3]), P. Turan and his associates have
initiated the problem of (0, 2) interpolation where the value and second
derivative of the interpolatory polynomial are prescribed at given poinis
(“knots™). This problem has been extensively discussed in Chapter 12 of
[3] for the case that the knots are the zeros of (1 — x°) P, _,(x), P, being
the nth-degree Legendre polynomial.

The problem of Birkhoff interpolation on the unit circle has been
initiated by O.Kis [2] for the special knots Z,= {z,,=e>*";
k=1,2,.,n}, the nth roots of unity. The early results dealt with the
problems of existence, uniqueness, and explicit representation and the
problem of convergence of (0, 2) interpolation based on the nodes Z,,. In
the same paper O. Kis also resolved the corresponding problem of (0, {, 2}
interpolation. Later A.Sharma [67] considered the more general case of
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256 SZABADOS AND VARMA

(0, m) interpolation based on the nodes Z,. The main results of Sharma

and Kis may be described by the following theorems.

THEOREM A. [If z,,=exp(2nki/n), k=1,2,.,n, then the
polynomial R, ,(z) satisfying

Rn.m(zvn):avnﬂ Rizn;ln( wz)_ﬁvn’ V= 17 27'--7 712”1,

nm( )_‘ Z aknAknm + Z ﬂkannm(‘)

k=1 k=1

where the fundamental polynomials A, , ,(z), By, .(z) are given by

. ' L e |
Ak.n.m(z)zlkn(“ _; Z V"m‘kn ~11+v Z‘),

1 n—1
Bk ", m(z) - Z “;:In “U‘ n m
n =0
with
z, z"—1
: “hkn =
L 2)= —, k=1,2,.,n,
N Z—2Zy,
(V)m 1

# .. =

v.am

(\’+n)m—("')m, (v+n)m_(")m,

(Vp=v(y=1) - (v—m+1).

unique

(1.1)

(1.2)

(1.3)

(L4)

(L.5)

(1.6)

(1.7)

THEOREM B. Let f(z) be analytic in |z| <1 and continuous in |z| <1
(This class of functions will be denoted by C[|z| <1].) Let w(f, d) be the

modulus of continuity of f(exp i0), 0<0<2xn. If
lim w(f, 0)logd=0
-0

and

ﬁkn =0 <1:g >’ k= 1; 2,-.., n,
n

then the polynomial
Rn,m(f; Z)= Z f( kn)Aknm + Z ﬁkntknm(z)
k=1

converges uniformly to f(z) in |z| <1

(1.8)

(1.9)

(1.10)
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In 1974, J. Szabados [8] considered the interpolatory procedure
R,.(f. z) in the special case m=2 and f,,=0, k=1,2,.,n We shall
denote this special case by

Laofiz)=Y flzw) Aiaalz) (L11)
k=1

Let w(#) be an arbitrary modulus of continuity, and denote by AC(w) that
class of functions f(z) which are analytic in |z| < 1, and whose modulus of
continuity w(f, h) in |z| €1 is of order O(w(k)) (as A— +0). How does
L(f, z) approximate a function f(z)e AC{w)? The answer to this problem
is given by

THeOREM C (J. Szabados). If f(z)e AC(w) then
max | f(z)—1,.(f, z)| = O(w{l/n) log n). (1.12)
Izl =1

Moreover, the above estimate (1.12) cannot be improved; viz., fo every wih),
there exists a function f(z)e AC(w) such that

)= Lol DI

(1.13)
w(l/n)logn (LL2)

lim sup

n— G

In view of Theorem B, P. Turan [9] raised the following problem con-
cerning I, ,(f. Z) as defined by (1.11).

ProBrgm XLVI. Is it true that, for all f(z) analytic in |z] <1 and con-
finuous in jz| <1,

J . |f(z) = Lo(f, 2)1% 1dz) = 07 (1.14)
clzl=1
The object of this paper is to answer this problem, namely,

THEOREM L. Let f(z)e C[lz| 1] and let

In,m(f; Z) = f‘(zkrz) ‘4k,n,m(z)5 \/115;

1

(z) is defined by (1.3). Then

ITM:

where A,

k.nm

1,2

1 : { o
(ﬂ JC:[:[=1 |f(z) = L. f 2)I? Idzl) <Cyw (f, ;}-}, (1.18)

27
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where C, is a positive absolute constant and w(f, 1/n) has the same meaning
as in Theorem B.

TueorReM 2. Let f(z)e C[|z| <1] and R, ., z) be as defined by (1.10).
Then

1 1/2
in (5[ 1@ Ry(f 2 el ) =0

H— 20

provided B, =o(n™), k=1,2,..,n

2. PRELIMINARIES

We need the well-known fact that the functions 1, z, z°,... are mutually
orthogonal on the unit circle ¢: |z| =1; i.e., we have

j‘ zkz*”]dz|=lj X" ldz=0  for k+#n. 2.0)
C LJc

For our purpose we need another known representation of /,,(z). This is
given by

1 n—1
L(2)== % z7'2" (22)
n .=,
From (2.2) we may conclude that
n—1i 1 n—1 _
Lz} =~ Z Zh, 'z =~ Z 25tz (2.3)
n,= n, =
Next, we set
1 n
A== ernZiy’, v=0,1,.,n—1, (2.4)
nZ,

where e, are arbitrary numbers. Then ffrom (2.2), (2.3), and (2.4) we have

n—1

1 n
Z |avn|2 = Z |ean2' (25)
v=0 nk:l

Proof of (2.5) can be given as follows:
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n—1 n—1
2‘ |am|2 Z amavn
1 n—1 n "
=3 Z Z f—’anZ;v z ejn’-;lniv
LY S =1
1 n n _ 1/171
== Z Z ekn ejn_ Z ”;:n_‘:);_
nk:lj:l hoe

&
\
2
|
o

3. SoME LEMMAS
For the proof of our theorems we need the following lemmas.

Lemma 3.1. Let L,(f, z) denote the Lagrange interpolation poiynomial
based on the zeros z,,. Then

s} it
[ L2 ld = Y gz (3.1
Cizl=1 i k=1
Proof. We know that
Ln( g, Z) = g(zkn) lkn(z)
k=1
n ln—l
= Z g(an)_ Z ZZ,TVZV
k=1 n v=0
n—1 1 i
= z' - g(zkn)-'knA
v=0 nk=1
n—1 1 n
= Z vavn b\n - Z g(zkr' ::(r:
v=0 nk:l
Therefore, on using (2.1)-(2.4) we have
» n—1
| L& 2P|zl =2n Y b,
“Cizj=1 v=0
27[ n R
== 7 gz’
n k=1

{here in applying (2.4) we put e, = g(z.,))-
This proves the lemma. The next lemma is due to 0. Kis [2].
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Lemma 3.2, Let f(z)eC[lz| <1]. Let w(f, &) be the modulus of con-
tinuity of f(expif), 0<O0<2n. Then there exists a polynomial F,(z) of
degree <n—1 such that for |z|] <1

|f(z) = F(z)| <6w(f, 1/n) (3.2)
and

[Fim)(z)| < Cn"™w(f, 1/n). (3.3)

In the next lemma we state some facts about Lagrange interpolation
polynomials.

LEMMA 3.3. Let f(z)e C[|z| < 1] and denote by P, _(z) the polynomial
of best approximation to f(z) on |z| <1; viz.,

If(z)_Pn—I(Z)IgEnfl(f)' (34)
Then we have
1/2

<1 L‘ |:1 'L"(f—Pnl’L"')lzldzl) <E, \(f), (3.5)

2

1 172 )

(,—j 1L,,(f,z)—f<z)|2|dz|) <GE,_(f)  (36)
AT Yzl =1

and
1 5 172 1
(5[ 1Ltr—FeaPia ) <coo(£7). G
TJc n

where F,(z) are polynomials of degree <n—1 (as stated in Lemma 3.2).

Proof. Proof of (3.5) is an immediate consequence of (3.1) and (3.4);
proof of (3.6) follows from (3.5) and (3.4); proof of (3.7) is a consequence
of (3.2) and (3.6). Next we shall prove

Lemma 3.4. Let I,,(z) be as defined by (1.15). Let F,(z) be the
polynomial of degree <n—1 satisfying (3.2) and (3.3). Also let P,_ (z) be
the polynomial of best approximation to f(z) satisfying (3.4). Then there
exist absolute positive constants C, and Cs independent of n such that

2n

12
(] Mantr=Fuoiet) <cow(fz) G
Ciz|=1 n

and

1 , 12
(ﬂLIZl:llln,m(f—Pn1,z)| |dz|> < CsE,_(f). (3.9)
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Proof. Here we will prove only (3.9) for the proof of (3.8) and (3.9) are

the same. Let g(z)=f(z)—P,_(z2)eC[|z] <1]. Then on using (1.15},
(1.3}, (1.5), (1.6), and (1.7) we have

n

In,m(g”- Z ( kn lkn( )

k=1
n—1
_; z g(zlm) Z ZZ,:‘xlv,n,m(ZVT’z_zy)
k=1 v=0
» n—1 n
:Ln(gaz)_ Z }‘v.n_.m(z‘*—"_zl Z an /m
v=0 =
n—1
L (ga—) Z i‘nm("VJﬁn z‘)a\m
v=0

where

(3.10)

II M:
~
A
D
\l\

Next, on using (2.1) and (3.1) we obtain

[ Latg 20?1

Izl =1

<2| L& 2) 1z
|zl =1

+2J Z j‘vnm vné FAR |dZE
lzj=1
+2J. Z j'vnm vant é|
I=sl=1
n—1
= Z lg('-'kn)' + 87 Z I’lvnm| !a\nl“

k=1

If is known that 4, ,, as defined by (1.6) satisfy the inequality (4,,,,) < Cs,
where Cy is an absolute constant. Therefore

l
=— I ’|d
2nfm=ll ol 8217 1dz]

n—1

Z n n 1(an)|2+4C§ Z lavnlz- (311]

v=_0
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Now, on using (2.4), (2.5). and (3.10) we obtain
n—1 R n
z |avn|~—— Z g("kn
v=0 =
1 2
z;’l— Z Pn—l(an)|— (3]2)

on combining (3.11), (3.12) and making use of (3.4) we obtain

l
— I z)|? |d=
(5] Manl 2011

<4C2+2

) 3 11 ) = Prs(ee)?
<1 4CE, )

From this we obtain (3.9). This proves the lemma. The next two lemmas
are needed for the proof of our Theorem 2.

LemMa 3.5. Let F,(z) be the approximating polynomial of degree
<n—1 satisfying (3.2), (3.3) and let I,,,,(f, z) be as defined by (1.15). Then

we have

1 ) 1/2 1
(ﬂ£z|1]F’1(‘)_ nm( ns Z)l |d2|> <C6W<‘f,;) (313)

Proof. We know that

F,,(Z) - In,m(Fn? Z) = Z Film)(an) Bk,n,m(z)’ (314)

where B, .(z) is defined by (1.4). On substituting the value of B, ,.(z)
from (1.4) into (3.14) we obtain

F(z)=1,,(F, z)

n — l n—1
= Z FEIM) Z Z ZZ:I ‘“‘#vnm
k=1
n—1 1
= Z (Zv+n_zv),uv,nm Z F( )(7kn 7m Y
v=0 n
n—1
= Z (ZV+n_Zv) .uv,n.m dv,n,m’ (315)

v=0
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where we set

1 & ~ _ o
dv.n,m ; Z FLm)(an) Z’kn,,‘ Y igib}
k=1
We also need
[yl < Cqfn™, v=0,1,..n—1, (3.17)

which follows from (1.6). Now on using (2.1), {2.4), (2.5), (3.15), (3.16),
(3.17), and (3.3) we have

1
. F(z)—1 z d=
27'[ L__I =1 ‘ n( ) HVM( ns i | |

n—1

= 2 Z I"l\'.n,m| 2 |d\',n.m| 2
v=0
_CZ n—1 n
Zm Z Idvnm 2m+1 z [F(m’(7k" :
k=1
1 2
< C9 w .f; - 5
7]
from which Lemma 3.5 follows. Next we state
LEmMA 3.6. We have
1 - n 2 12
(32| 2 BurBunt| ) =ot1) (.18)
provided
Brn=o0(n™), K=1,2..,a1, (3.19)

where B, ,,.(z) are defined by (1.4). Proof of this lemma is essentially the
same as that of Lemma 3.5, so we omit the details.

4. PrROOF OF THEOREM 1

From (1.15) we have

f(z)_ln,m(f; Z):f(z)_Fn(z)+Fn(z)_ln,m(Fn’ Z)
+1,(F,— 1 z). (4.1}
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Therefore on using (4.1), (3.2), (3.13), and (3.8)

. @) Ll 2 e

<Clo{jl 1f(z) = Fo(2)|? |dz]

zl=1

+ |F(2) = L, m(F,, 2)I? |d2]|

lzl=1

[ LAFa=f D) |dz|}

lzZl=1

<c, (w <f, %))2

From the above Theorem 1 follows at once. Proof of Theorem 2 is a direct
consequence of (1.16), (3.18). In a recent paper by Sharma and Vertesi [7].

LP

convergence of Lagrange interpolation polynomials has been settled.

Similar questions can be asked for the operator I,,,. We will investigate
such problems in another paper.

5]

10.
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